Abstract. We consider the focusing mass-critical NLS iu t +∆u = −|u|
GLOBAL EXISTENCE AND UNIQUENESS RESULTS FOR WEAK SOLUTIONS OF THE FOCUSING MASS-CRITICAL NON-LINEAR SCHRÖDINGER EQUATION

TERENCE TAO
Abstract. We consider the focusing mass-critical NLS iu t +∆u = −|u| 4/d u in high dimensions d ≥ 4, with initial data u(0) = u 0 having finite mass M (u 0 ) = R d |u 0 (x)| 2 dx < ∞. It is well known that this problem admits unique (but not global) strong solutions in the Strichartz class
, and also admits global (but not unique) weak solutions in L ∞ t L 2 x . In this paper we introduce an intermediate class of solution, which we call a semi-Strichartz class solution, for which one does have global existence and uniqueness in dimensions d ≥ 4. In dimensions d ≥ 5 and assuming spherical symmetry, we also show the equivalence of the Strichartz class and the strong solution class (and also of the semi-Strichartz class and the semi-strong solution class), thus establishing "unconditional" uniqueness results in the strong and semi-strong classes. With these assumptions we also characterise these solutions in terms of the continuity properties of the mass function t → M (u(t)).
1. Introduction 1.1. The focusing mass-critical NLS. This paper is concerned with low regularity solutions u : I × R d → C to the initial value problem to the focusing mass-critical nonlinear Schrödinger equation (NLS) iu t + ∆u = F (u)
in high dimensions d ≥ 4, where I ⊂ R is a time interval containing a time t 0 ∈ R, F : C → C is the nonlinearity F (z) := −|z| 4/d z, and we assume u 0 to merely lie in the class L ) of the equation. The mass is also formally conserved by the flow, thus we formally have M(u(t)) = M(u 0 ) for all t, though it will be important in this paper to bear in mind that this formal mass conservation can break down if the solution is too weak in nature.
Remark 1.2. The condition d ≥ 4 is assumed in order to ensure that the nonlinearity F (u) is locally integrable in space for u ∈ L , whose derivative grew like |z| 4/d and which enjoyed the Galilean invariance F (e iθ z) = e iθ F (z) (in order to formally conserve mass), though in this more general setting, the mass M(Q) of the ground state would need to be replaced by some unspecified constant ε F,d > 0 depending on the nonlinearity F and the dimension d.
The notion of a distributional solution, by itself, is too weak for applications; for instance, one has difficulty interpreting what the initial data condition u(0) = u 0 means for a distributional soution in L (ξ) which is well-defined in the class of tempered distributions.
, and the right-hand side of (2) makes sense as a tempered distribution in x for each time t. Furthermore, it is easy to verify (by the standard duality argument) that the right-hand side of (2) is continuous in t in the topology S(R d ) * of tempered distributions.
1.4. Weak, strong, and Strichartz class solutions. With these preparations, we can now introduce the three standard solution classes for this problem in L 1 Here and in the sequel, we use the subscript loc to denote boundedness of norms on compact sets, thus for instance
then being given the induced Frechet space topology. 2 We adopt the usual convention • (2) in the sense of tempered distributions for almost every 3 time t.
Remark 1.6 (Shifting initial data). Because the right-hand side of (2) is continuous in the distributional topology for any of the above three notions of solutions, we observe that if u is a solution to (1) in any of the above classes on an interval I, and t 1 ∈ I, then u is also a solution to (1) in the same class with initial time t 1 and initial data u(t 1 ) (as defined using the right-hand side of (2)). Thus one may legitimately discuss solutions to NLS in one of the above three classes without reference to an initial time or initial data.
Remark 1.7. For future reference, we make the trivial remark that if one restricts a solution in any of the above classes to a sub-interval J ⊂ I, then one still obtains a solution in the same class. Conversely, if one has a family of solutions in the same class on different time intervals I n , such that n I n = ∅ and any two solutions agree on their common domain of definition, then one can glue them together to form a solution in the same class on the union n I n .
In particular we have the convergence property
for all t ∈ I, which by the cosine rule implies the asymptotic mass decoupling identity
Thus any L 2 discontinuity of u at t can be detected and quantified by the mass function t → M(u(t)).
In the Strichartz class, one has a satisfactory local existence and uniqueness theory: Proposition 1.9 (Local existence and uniqueness in the Strichartz class).
3 By definition of L ∞ t , weak solutions are only defined for almost every time t, though from Remark 1.3, one can canonically define u(t) for all t ∈ I. 
Proof. This is a standard consequence of the endpoint Strichartz estimate
from [6] : see [2] , [3] . Mass conservation is obtained in these references by first regularising the data and nonlinearity so that the solution is smooth (and the formal conservation of mass can be rigorously justified), and then taking limits using (5).
Because of this proposition (and Remark 1.
I is an open interval containing t 0 , and u is a Strichartz-class solution to (1) which cannot be extended to any larger time interval.
Unfortunately, the lifespan I of this maximal Strichartz-class Cauchy development need not be global if the mass M(u 0 ) is large. For instance, if Q is a non-trivial Schwartz-class solution to the ground state equation
then as is well known, the function
is a Strichartz-class solution on (0, +∞) × R d or (−∞, 0) × R d but cannot be extended in this class across the time t = 0. One can also use Glassey's virial identity [4] to infer indirectly the non-global nature of maximal Strichartz-class Cauchy developments for suitably smooth and decaying data with negative energy. Remark 1.10. In the defocusing case F (z) = +|z| 4/d z it is conjectured that all maximal Strichartz-class Cauchy developments are global. This has recently been established in the spherically symmetric case in [18] , and is also known for data with additional regularity (e.g. energy class) or decay (e.g. xu 0 ∈ L 2 x (R d )), or with small mass; see [18] and the references therein for further discussion. In the focusing case, the results of [18] also give global existence for spherically symmetric data when the mass M(u 0 ) is strictly less than the mass M(Q) of the ground state; see [7] for a treatment of the endpoint case M(u 0 ) = M(Q). Again, it is conjectured that the same results hold without the spherical symmetry assumption, but this remains open.
On the other hand, it is possible to continue solutions in a weak sense beyond the time for which Strichartz-class solutions blow up. In particular, we have the following standard result:
Proof. We will prove a stronger result than this shortly, so we only give a sketch of proof here. By Remark 1.7 and time reversal symmetry, it suffices to build a solution on [t 0 , +∞). For each ε > 0, one can easily use parabolic theory to construct a global (strong) solution to the damped NLS iu
, whose mass is bounded above by M(u 0 ), where F ε is a suitably damped version of F (e.g. F ε (z) := − max(|z|, 1/ε) 4/d z); extracting a weakly convergent subsequence and taking weak limits we obtain the claim.
Unfortunately, while these weak solutions are global, they are nonunique, as the following standard example shows. Example 1.12. Consider the function given by (7) for t ∈ (0, +∞) and by zero for t ∈ (−∞, 0]. This is a global weak solution in the sense of the above proposition (taking t 0 to be any positive time, and setting u 0 = u(t 0 )), but is not unique; if one for instance takes u to equal (7) for t ∈ (−∞, 0) rather than equal to zero, then the new solution is still a global weak solution with the same initial data. Remark 1.13. Example 1.12 also shows that mass is not necessarily conserved for weak solutions. On the other hand, from (4) we see that the function t → M(u(t)) is lower semi-continuous, at least. Figure 1 . Inclusions between solution classes. In dimensions d ≥ 5 and assuming spherical symmetry, we will show that two horizontal inclusions on the left are in fact equivalences.
1.14. Semi-Strichartz solutions. To summarise the discussion so far, the Strichartz class of solutions has uniqueness but no global existence, while the class of weak solutions has global existence but no uniqueness. It is thus natural to ask whether there is an intermediate class of solutions for which one has both global existence and uniqueness. To answer this we define some further solution classes. (1) is a weak solution u such that for every
We summarise the obvious inclusions between the five classes of solution in Figure 1 .14. Note that unlike the weak, strong, and Strichartz classes, the semi-strong and semi-Strichartz classes of solution depend on the choice of initial time t 0 .
which is given by (7) for t > 0 and is zero for t ≤ 0, let t 0 > 0, and set u 0 := u(t 0 ). Then u is a semi-Strichartz class solution (and thus semistrong solution) to (1), but is not strong or Strichartz-class. If one redefines u for t < 0 by (7), then u remains a weak solution, but is no longer semi-strong or semi-Strichartz. Remark 1.17. The constructions in [1] , in our notation, yield semiStrichartz class solutions which blow up in the Strichartz class at a specified finite set of points in time, and are equal to a prescribed state in L Our first main result is that the semi-Strichartz solution class enjoys global existence and uniqueness: Theorem 1.18 (Global existence and uniqueness in the semi-Strichartz solution class). (1) . Furthermore, this solution is unique in the sense that any other semi-Strichartz solution to (1) on a time interval I containing t 0 is the restriction of u to I. Finally, M(u(t)) is monotone non-increasing for t ≥ t 0 and monotone non-decreasing for t ≤ t 0 (in particular, the only possible discontinuities are jump discontinuities), and has a jump discontinuity exactly at those times t for which u is not locally a Strichartz class solution. Remark 1.19. Informally, the unique semi-Strichartz class solution is formed by solving the equation in the Strichartz class whenever possible, and deleting any mass that escapes to spatial or frequency infinity. The relationship between this solution and Strichartz class solutions is analogous to the relationship between Ricci flow with surgery and Ricci flow in the work of Perelman [10] , [11] , though of course the situation here is massively simpler than with Ricci flow due to the semilinear and flat nature of our equation. We do not know in general if the weak solution constructed in the proof sketch of Proposition 1.11 necessarily converges to the solution in Theorem 1.18; we suspect this to be the case for generic initial data u 0 , but possibly not for some exceptional choices of data. For instance, imagine solving (1) from some negative time t 0 < 0, with u 0 = u(t 0 ) given by (7) for some excited state Q. The solution (7) ceases to be in the Strichartz class at time t = 0, and the semi-Strichartz class continuation of this solution would be zero for positive times. However, if we add a viscosity term iε∆u to the right-hand side of the equation (1), it is conceivable that this would cause the solution near t = 0 to decay from the excited state to a lower energy state, such as the ground state, so that in the limit ε → 0, the solution behaves like (7) for the ground state for positive times. Remark 1.20. One can push the global existence result further, to obtain scattering at t = ±∞, and can in fact even push the solution "beyond" t = +∞ and t = −∞ by using the pseudoconformal transform or lens transform, in the spirit of [16] . We omit the details. Remark 1.21. While the semi-Strichartz class enjoys global existence and uniqueness, it does not enjoy continuous dependence on the data and is thus not a well-posed class. Indeed, if one considers the solution in Example 1.16 for the spherically symmetric ground state Q, and then perturbs the initial data u 0 = u(t 0 ) to have slightly smaller mass (while staying spherically symmetric), then from the results in [18] we know that the perturbed solution exists globally in the Strichartz class, and in particular has mass close to M(Q) for all negative times, in contrast to the original solution in Example 1.16 which has zero mass for all negative times, thus contradicting continuous dependence on the data in any reasonable topology. Indeed this argument strongly suggests that there is no solution class for this equation which is globally well-posed in the sense that one simultaneously has global existence, uniqueness, and continuous dependence of the data, and which is compatible with the Strichartz class of solutions. Remark 1.22. We also do not expect the semi-Strichartz class to enjoy persistence of regularity; for instance, if u 0 lies in the energy class H 1 x (R d ), then it is conceivable that u(t) leaves the energy class after some finite time (note for instance that the solution in Example 1.16 has H 1 norm going to infinity as t → 0 + , though it never actually leaves
For the mass-supercritical focusing NLS, the analysis in [9] shows that the solution can in fact exit the energy space at the first blowup time. Theorem 1.18 is in fact an easy consequence of Proposition 1.9 and is proven in Section 2. One can be somewhat more precise about the jump discontinuities: it was shown that any blowup of a spherically symmetric Strichartz class solution in two dimensions must concentrate an amount of mass at least equal to the ground state M(Q); the same result in higher dimensions follows by the same argument together with the results in [18] . Indeed, we will use the results in [18] to establish the spherically symmetric case of this theorem. From Example 1.12 we see that M(Q) cannot be replaced by any larger quantity in the above theorem. We prove Theorem 1.23 in Section 3.
1.26. The spherically symmetric case. Now we turn to the question of whether strong (resp. semi-strong) solutions are necessarily in the Strichartz class (resp. semi-Strichartz class), which would imply (by Proposition 1.9 and Theorem 1.18) that they are unique. These type of results are known as unconditional uniqueness results in the literature. For solutions in higher regularities, such as the energy class, one can obtain unconditional uniqueness by exploiting Sobolev embedding to obtain additional integrability of the strong solution u; see e.g. [5] . Unfortunately at the L 2 x (R d ) level of regularity, for which Sobolev embedding is not available 5 , it appears to be rather difficult to establish such an unconditional uniqueness result, although the author tentatively conjectures it to be true. On the other hand, we were able to establish this uniqueness under the additional simplifying assumption of spherical symmetry (and assuming very high dimension
Theorem 1.27 (Unconditional uniqueness for spherically symmetric solutions).
be a spherically symmetric weak solution to (1) . Then the following are equivalent: 
Example 1.28. If u is given by (7) for t = 0 and a spherically symmetric Q and vanishes for t = 0, then u is a spherically symmetric weak solution but fails to conserve mass at t = 0, and is thus not in the Strichartz class in a neighbourhood of t = 0.
Remark 1.29. From Theorem 1.27 and Proposition 1.9(ii), we see that spherically symmetric strong solutions to (1) are unique. Another quick corollary of Theorem 1.27 is that any spherically symmetric weak solution whose mass is always strictly smaller than ε d is necessarily a Strichartz class solution (and hence strong solution also), and thus also unique. In view of Theorem 1.23, it is natural to conjecture that one can take ε d to be the mass M(Q) of the ground state, which is the 5 Related to this difficulty is the Galilean invariance of the NLS equation at L 2 x (R d ), which strongly suggests that direct application of Sobolev or LittlewoodPaley theory is unlikely to be helpful.
limit of weak uniqueness thanks to Example 1.12, but our methods do not give this. Remark 1.30. The above theorem shows that if a weak solution fails to be in the Strichartz class, then at some time t it must lose at least a fixed amount ε d of mass, though it is possible that this mass is then instantly recovered (consider for instance the solution given by (7) for t = 0 and zero for t = 0). On the other hand, it is conceivable that there exist weak solutions in which the mass function t → M(u(t)) exhibits oscillating singularities rather than jump discontinuities, in which the mass oscillates infinitely often as one approaches a given time; the above theorem implies that the net oscillation is at least ε d but does not otherwise control the behaviour of this function. If for instance there existed a non-trivial weak solution on a compact interval I which vanished at both endpoints of the interval (cf. [12] ), then one could achieve such an oscillating behaviour by gluing together rescaled, time-translated versions of this solution. However, we do not know if such weak solutions exist; solutions such as (7) constructed using the pseudo-conformal transformation only exhibit vanishing at a single time t.
Remark 1.31. Note that we need to assume the solution is spherically symmetric, and not just the initial data. In the category of weak solutions, at least, it is not necessarily the case that spherically symmetric data leads to spherically symmetric solutions: consider for instance the weak solution which is equal to a time-translated version of (7) for t = 0 and vanishes for t = 0; this solution is spherically symmetric at time zero but not at other times.
We prove Theorem 1.27 in Section 6.1, after establishing an important preliminary smoothing estimate for weak solutions in Section 4. Our main tool here is the in/out decomposition of waves used in [15] , [8] , which is particularly powerful for understanding the dispersion of spherically symmetric waves, and which we will rely upon heavily in order to establish a substantial gain of regularity for weak solutions. Our arguments only barely fail at d = 4 and it is quite likely that a refinement of the methods here can be extended to that case, but we do not pursue this matter here.
There is an analogue of Theorem 1.27 for semi-strong and semi-Strichartz class solutions: 
is a suitably small absolute constant depending only on d.
We prove Theorem 1.32 in Section 6.2, using a minor modification of the argument used to prove Theorem 1.27.
The author thanks Jim Colliander for helpful discussions. The author is supported by NSF grant DMS-0649473 and a grant from the Macarthur Foundation.
Proof of Theorem 1.18
We first establish uniqueness. Suppose we have two semi-Strichartz (1) . Let J be the connected component of {t ∈ I : u(t) = u(t ′ )} that contains t 0 . Since u, u Let J denote the set of all times T ∈ [t 0 , +∞) for which there exists a semi-Strichartz class solution u on [t 0 , T ] with M(u(t)) monotone non-increasing on [t 0 , T ], thus J is a connected subset of [t 0 , +∞) containing t 0 . By the existence and mass conservation component of Proposition 1.9, we see that J is right-open. Now we establish that J is closed. If t n is a sequence of times in J increasing to a limit t * , then by gluing together all the associated semi-Strichartz class solutions (using uniqueness) we obtain a semi-Strichartz solution u on [t 0 , t * ) with M(u(t)) monotone non-increasing on
. From this we see that the right-hand side of (2) is continuous all the way up to t * in the space of tempered distributions, and so we can extend u as a weak solution to [t 0 , t * ]. This is still a semi-Strichartz solution, and by Fatou's lemma we see that M(u(t)) is still non-decreasing on [t 0 , t * ], and so t * ∈ J, thus establishing that J is closed. By connectedness we conclude that J = [t 0 , +∞), and so we can obtain semi-Strichartz class solutions on [t 0 , T ] for any t 0 ≤ T < ∞. Gluing these solutions together we obtain the desired solution on [t 0 , +∞), establishing global existence.
The above argument has also established monotonicity of mass. Whenever u is a Strichartz class solution in a neighbourhood of a time t 1 , it follows from Proposition 1.9 that mass is constant near t 1 , so the only remaining task is to show that whenever mass is continuous at a time t 1 , then u is a Strichartz class solution in a neighbourhood of t.
The claim is obvious for t 1 = t 0 , so without loss of generality we may take t 1 > t 0 . By hypothesis, M(u(t)) converges to M(u(t 1 )) as t → t 1 . By (4), we conclude that u(t) converges strongly to
Let ε > 0 be a small number. By the endpoint Strichartz estimate (5), we have
so by the monotone convergence theorem we have
when I is a sufficiently small neighbourhood of t 1 .
Fix I. Let t 2 converge to t 1 , then by the previous discussion u(t 2 ) converges strongly to
. By the continuity (and unitarity) of the Schrödinger propagator, this implies that e i(t 2 −t 1 )∆ u(t 2 ) converges to u(t 1 ). Applying the endpoint Strichartz estimate (5), we conclude that
. In particular, we have
< ε for all t 2 sufficiently close to t 1 . On the other hand, we have M(u(t 2 )) ≤ M(u 0 ). Thus if ε is chosen to be sufficiently small depending on M(u 0 ), we may apply the standard Picard iteration argument based on the endpoint Strichartz estimate (5) and construct a Strichartz-class solution to NLS on I which equals u(t 2 ) at t 2 . Applying this with t 2 slightly smaller than t 1 and using the uniqueness of semi-Strichartz class solutions, we see that u is equal to this Strichartz-class solution on I, and the claim follows.
Proof of Theorem 1.23
It is convenient here to use the original non-endpoint Strichartz estimate [14] .
Let ε d > 0 be chosen later, and let u be a semi-Strichartz class solution. Suppose for contradiction that we had a jump discontinuity at some time t 1 of jump less than ε d . As before we may assume without loss of generality that t 1 > t 0 .
Let t approach t 1 from below, then M(u(t)) − M(u(t 1 )) converges to a limit less than ε d . By (4), we conclude that u(t) − u(t 1 ) L 2 x (R d ) converges to a limit less than ε d .
By (8) and monotone convergence as before, we can find a small neighbourhood I of t 1 such that
If we let t 2 approach t 1 from below, then for t 2 sufficiently close to t 1 we thus have
d . On the other hand, from (8) we have (for t 2 sufficiently close to t 1 ) that
and thus by the triangle inequality
If ε d is sufficiently small depending on d, we can then perform a Picard iteration, using (8) to control the nonlinear portion u(t) − e i(t−t 2 )∆ u(t 2 ) of the solution, to construct a solution in the class
Applying Strichartz estimates once more, we see that this solution is a Strichartz solution on I. By uniqueness of semi-Strichartz solutions, we conclude that u is a Strichartz solution on I and thus has no jump discontinuity at t 1 , a contradiction. Now we handle the spherically symmetric case. We will need the following result from [18] : Now suppose for contradiction that we have a global semi-Strichartz class solution from spherically symmetric initial data u 0 which has a mass jump discontinuity of less than M(Q) at some time t 1 ; we can assume t 1 > t 0 as before.
Since u 0 is spherically symmetric, we see from rotation invariance and uniqueness that u is spherically symmetric. By arguing as before, we see that as t 2 approaches t 1 from below, M(u(t 2 ) − u(t 1 )) converges to a limit less than M(Q). In particular this limit is less than m for some 0 < m < M(Q).
Let ε > 0 be a small number depending on m and M(u 0 ) to be chosen later. By endpoint Strichartz (5) and monotone convergence as before, we can find a small neighbourhood I of t 1 such that
and thus for t 2 sufficiently close to t 1
On the other hand, we also have
for t 2 sufficiently close to (and below) t 1 . By Theorem 3.1, we may thus find a Strichartz-class solution v on I of mass at most m with
From this and (9) and standard perturbation theory (see [17, Lemma 3 .1]), we may thus find a Strichartz-class solution on I which equals u(t 2 ) at t 2 . Arguing as before we conclude that u has no jump discontinuity at t 1 , a contradiction.
Remark 3.2. It is conjectured that the spherical symmetry assumption can be removed from Theorem 3.1. If this conjecture is true, then it is clear that one can take ε d = M(Q) in the non-spherically-symmetric case of Theorem 1.23 as well.
A smoothing effect for spherically symmetric weak solutions
In this section we establish a preliminary smoothing effect for spherically symmetric weak solutions that will be needed to prove Theorems 1.27,1.32. More precisely, we show 
where B(0, R) is the ball of radius R centred at the origin.
Remark 4.2. Theorem 4.1 asserts that a spherically symmetric weak solution behaves like a Strichartz-class solution away from the spatial origin. The R −1 term on the right-hand side is sharp, as can be seen by considering a rescaled stationary soliton u(t, x) = R −d/2 e it/R 2 Q(x/R), where Q is a non-trivial spherically symmetric solution to (6).
We shall prove this theorem using the method of in/out projections, as used in [15] , [8] . We first recall some Littlewood-Paley notation.
Let ϕ(ξ) be a radial bump function supported in the ball {ξ ∈ R d : |ξ| ≤ 11 10 } and equal to 1 on the ball {ξ ∈ R d : |ξ| ≤ 1}. For each number N > 0, we define the Fourier multipliers
We similarly define P <N and P ≥N . All sums over N will be over integer powers of two unless otherwise stated.
We now subdivide the Littlewood-Paley projections P N on the spherically symmetric space L 2 (R d ) rad into two components, an "outgoing projection" P + P N and "incoming projection" P − P N , as described in the following lemma:
with the following properties:
, and choice of sign ±, the integral kernel 6 [P ± P N e ∓it∆ ](x, y) obeys the estimate
when |y| − |x| ∼ N|t|, and
, and choice of sign ±, we have
for any m ≥ 0.
Proof. See [8, Proposition 6.2] . This proposition is only stated in the d = 2 case, but the proof carries over to higher d without any difficulty.
Remark 4.4. Heuristically, P − P N e it∆ and P + P N e −it∆ for t > 0 both propagate away from the origin at speeds ∼ N. The decay (|x||y|)
is superior to the standard decay |t| −d/2 , which reflects the additional averaging away from the origin caused by the spherical symmetry. (In the proof of [8, Proposition 6.2], this additional averaging is captured using the standard asymptotics of Bessel and Hankel functions.) Now we prove Theorem 4.1. Fix d, I, u, m, R; we allow implied constants to depend on d, I, m. We may take R to be a power of 2. By the triangle inequality, we have
For the first term, we use Bernstein's inequality to estimate
which is acceptable, so we turn to the latter terms. For ease of notation we shall just deal with the the incoming terms ± = −, as the outgoing terms ± = − terms are handled similarly (but using Duhamel backwards in time instead of forwards).
Write I = [t 0 , t 1 ], then by Duhamel's formula we have
The contribution of the linear term P − P N e i(t−t 0 )∆ u(t 0 ) is bounded by
thanks to Proposition 4.3(i), the boundedness of the Littlewood-Paley projection P >1/R , and the endpoint Strichartz estimate (5). Thus this contribution is acceptable, and it remains to show that
(11) As we are allowed to let implied constants depend on I, it suffices to show that
for some absolute constant c > 0 and all t ∈ I and N > 1/R. By dyadic decomposition it suffices to show that
for all m ≥ 0. Replacing R by 2 m R, we thus see that it suffices to show that
whenever R > 0, N > 1/R, and t ∈ I.
From Proposition 4.3 we see that
for t N −2 , and
for 0 < t N −2 ; we unify these two estimates as
for t > 0. On the other hand, as P − , P N , e it∆ are bounded on L 2 we have
and hence by interpolation
for all t ′ ∈ I, we thus have
and hence by Hölder's inequality
We can thus bound the left-hand side of (11) by
The dominant contribution of this integral occurs in the region when |t − t ′ | ∼ R/N, and so we obtain a total contribution of
which is acceptable. This proves Theorem 4.1.
Remark 4.5. One can improve the 1 term on the right-hand side of (10) to R −c for some c > 0, by using the improved Strichartz estimates in [13] that are available in the spherically symmetric case. However, we will not need this improvement here. 
Nearly continuous solutions are Strichartz class
Remark 5.2. The theorem fails if ε is large, as one can see from the weak solution defined by (7) We now prove Theorem 5.1. We fix d, I, u, v, ε and allow all implied constants to depend on d. By shrinking the interval I and using compactness we may assume that
We write w :
and w solves the difference equation
in the integral sense. From the fundamental theorem of calculus (or mean-value theorem) we have the elementary inequality
For each integer k, let c k denote the quantity
From Theorem 4.1 and the triangle inequality we have
for all k. To prove the theorem, it suffices by the monotone convergence theorem to show that sup k c k is finite. For this we use the following inequality:
For every k we have
Proof. Fix k. By the triangle inequality, we have
Consider the first term on the right-hand side. By (13) , (14), (15), (5) we have
so to show that the contribution of this case is acceptable, it suffices to show that
By the triangle inequality, we can bound the left-hand side by
For the first term, (19) we discard the P ≤2 −k projection and use Hölder's inequality to bound this by
which by (13) , (12) , (16) is bounded by
For the second term of (19), we observe from the Hölder and Bernstein inequalities that
for any f . Using this inequality and arguing as before, we see that the second term of (19) is bounded by
which is acceptable.
Since we have dealt with the first term of (18) , it now suffices by the triangle inequality to show that
for either choice of sign ±. We shall just do this for the incoming case ± = −: the outgoing case ± = + is similar but requires one to apply Duhamel's formula backwards in time.
Write I = [t 0 , t 1 ]. By Duhamel's formula and (14), we have
The contribution of the first term is O(ε) by Proposition 4.3(i), (5), and (13), so it suffices to show that
We split
The contribution of the first term can be estimated using Proposition 4.3(i), (5), (15) to be
.
By a slight modification of the calculation used to bound the first term of (19), we can control this expression by 
for each j < k − 1.
Fix j. By Proposition 4.3(ii), (iii), the integral kernel (P − P N e i(t−t ′ )∆ )(x, y) for x ∈ R d \B(0, 2 k ), t ′ < t, N > 2 −k , and y ∈ B(0, 2 j+1 )\B(0, 2 j ) obeys the bounds
(say). From this we obtain the pointwise bound |P − P N e i(t−t ′ )∆ (f 1 B(0,2 j+1 )\B(0,2 j ) )(x)| N d (N|x|) −50d N 2 (t−t ′ ) −50d f L 1 x (B(0,2 j+1 )\B(0,2 j )) for x ∈ R d \B(0, 2 k ) and any f , which by Hölder's inequality implies the bounds
(B(0,2 j+1 )\B(0,2 j ))
By Young's inequality we conclude that the left-hand side of (20) is bounded by
(I×B(0,2 j+1 )\B(0,2 j ))
Modifying the computation used to bound the first term of (19), this expression can be controlled by for all k. Iterating this and taking limits, we conclude that c k ≤ A for all k. Applying this argument starting from (17) we conclude that c k 1 for all k, as desired, and Theorem 5.1 follows.
Proofs of theorems
With Theorem 5.1 in hand, it is now an easy matter to establish Theorems 1.27 and 1.32.
6.1. Proof of Theorem 1.27. It is clear that (i) implies (ii), and that (iii) implies (iv) implies (v). From Proposition 1.9 we also see that (ii) implies (iii). So the only remaining task is to show that (v) implies (i). It suffices to do this locally, i.e. to show that for any time t for which (v) holds, that u is a Strichartz class solution in some neighbourhood of t in I.
By the hypothesis (v), one can find a connected neighbourhood J of t in I such that M(u(t ′ )) ≤ M(u(t)) + ε d for all t ′ ∈ J. By (4) (and shrinking J if necessary) we conclude that u(t
By shrinking J some more, we may apply Proposition 1.9 to find a Strichartz class
on J with v(t) = u(t). Since v is a strong solution, by shrinking J some more we may assume that v(t
for all t ′ ∈ J. By the triangle inequality we thus see that
d . Applying Theorem 5.1 and taking ε d sufficiently small, we conclude that u is a Strichartz class solution on J as required, and Theorem 1.27 follows.
6.2. Proof of Theorem 1.32. It is clear that (i) implies (ii) and that (iii) implies (iv) implies (v). From Corollary 1.25 we know that (i) implies (iii), while from Proposition 1.9(iii) and Definition 1.15 we see that (ii) implies (iv). Thus, as before, the only remaining task is to show that (v) implies (i). Again, it suffices to establish the local claim that if t ≥ t 0 is such that (v) holds, then u is in the Strichartz class for some [t, t + ε) ∩ I, and similarly for t ≤ t 0 and (t − ε, t] ∩ I. But this follows by a routine modification of the arguments in Section 6.1.
